We study a general theory on the interference of a two-photon wavepacket in a beam splitter. The theory is carried out in the Schrödinger picture so that the quantum nature of the two-photon interference is explicitly presented. We find that the topological symmetry of the probability-amplitude spectrum of the two-photon wavepacket dominates the manners of two-photon interference which are distinguished according to increasing and decreasing the coincidence probability for the absence of interference. However, two-photon entanglement can be witnessed by the interference manner. We demonstrate the necessary and sufficient conditions for the perfect two-photon interference. For a two-photon entangled state with an anti-symmetric spectrum, it passes a 50/50 beam splitter with the perfect transparency. The theory contributes an unified understanding to a variety of the two-photon interference effects. PACS number(s): 42.50. Dv, 03.65.Ta, 42.50.Ar 
I. INTRODUCTION
Photons as bosons tend to bunching, that is, photons are more likely to appear close together than farther apart. This happens for the photonic field with a classical analogy. For some optical field, however, photons may behave as an opposite effect -the photon anti-bunching. It is known that photon anti-bunching effect provides an evidence for explicitly quantum mechanical states of the optical field without classical analogy. When two photons meet in a beamsplitter from two input ports, how do they exit from the output ports? This is an interesting topic concerning the quantum nature of photon interference. The first experimental observations of two-photon interference in a beam splitter were reported in 1980s. [1] [2] In the experiments, two photons to be interfered are spatially separated and degenerated with the same frequency and polarization. This can be done by the spontaneously parametric downconversion (SPDC) of type I in a crystal, in which a pair of photons, signal and idle, are produced. In the degenerate case, two photons are mixed in a 50/50 beamsplitter, no coincidence count of photons is found at two output ports. This effect was lately called the photon coalescence interference (CI), [3] since two photons meeting in beamsplitter go together. The early theoretical explanation was based on indistinguishability of two single photons, that is, the interference occurs for the degenerate photons when they meet in a beamsplitter. In the further experiments, it has been found that, in addition to the degenerate photons, the two-photon interference may occur for two photons with different colors and polarizations. [4] - [7] However, for the degenerate case when the individual signal photon and the idle photon are arranged out of their coherent range (they do not meet at the beamsplitter), the interference is still observed. [8] - [10] Obviously, these phenomena can not be explained by the indistinguishability of two single photons. As a matter of fact, all the above experiments were performed by the SPDC, the source emitting entangled photon pairs. A successful theoretical explanation is to use two-photon entanglement with the help of conceptual Feynman diagrams in which the pair of photons interfered should be seen as a whole, the two-photon or biphoton, so that the photon entanglement plays an essential role in two-photon interference. [11] [12] Recently, the interference of two independent photons has been studied experimentally and theoretically. [13] - [15] Santori et al [13] has demonstrated in their experiment, that two independent single-photon pulses emitted by a semiconductor quantum dot show a coalescence interference in a beamsplitter. In this case, it seems that one cannot use the concept "biphoton" because the photon entanglement is absent.
As we review all these studies on two-photon interference, it could be confusing why sometimes two nondegenerate photons can interfere with each other and sometimes they cannot, and sometimes the interference of two degenerate photons occurs only when they meet together and sometimes the photon meeting is not necessarily the case. A reasonable explanation could be attributed to photon entanglement. As mentioned above, the entangled pair for two nondegenerate photons should be seen as a biphoton and the interference occurs between biphotons. Therefore, it might be concluded that there are two kinds of interference mechanisms: the "biphoton picture" for entangled photon pair and "two photons picture" for independent photons. If that is true, one has to face a perplexed question, as argued in the development of quantum mechanics, how the "clever photons" know whether they should behave as a biphoton or a single-photon in the interference.
In this paper, we contribute a complete theoretical description for two-photon interference in a beamsplitter. Since any realistic beam should have a finite frequency range which must be taken into account, we study the two-photon state in a wavepacket which can be either entangled or un-entangled. The quantum descriptions of the beam splitter can be implemented in both the Schrödinger picture (S-picture) and the Heisenberg picture (H-picture). Since the beamsplitter introduces a simple transform for field operators, the theoretical description in the H-picture is more convenient, and it was exploited in the most theoretical discussions. Though the two pictures should give an identical result, the description in the H-picture averages the distinct information on quantum state. Instead, we discuss this issue in the S-picture, so it can show more physical understanding for the nature of two-photon interference. The net coincidence probability can be readily evaluated by our theory. We find that the symmetry of two-photon spectrum plays a key role in the interference manners. We distinguish the coalescence and anti-coalescence interferences (ACI), and find out the necessary and sufficient condition for the perfect CI and ACI. We prove that the photon entanglement is irrelevant to CI, but necessary for ACI. Therefore, the ACI effect is the signature of two-photon entanglement, and it could be an effective experimental method to detect photon entanglement. However, we propose a two-photon transparent state which can pass the beamsplitter with a full transparency. The theory covers two cases: two-photon state in a polarization mode and in two polarization modes, which may correspond to the source of SPDC of type I and type II, respectively.
II. PRELIMINARY THEORETICAL DESCRIPTION

A. general description about quantum interference
Let us briefly review how the quantum interference happens. If a quantum system consists of more than one source, or the interaction includes several parts, the state of the system |Ψ is a coherent superposition of these sources or parts
Assume that all the states |α , |β , |γ and |δ are distinguishable each with others, there is no quantum interference. If, however, there are some indistinguishable states generated in these coherent sources such as
state |β in two sources has to be added together. The probability of finding state |β for |Ψ may not be equal to the sum of those for |Ψ 1 and |Ψ 2 , unless the interference term
is null. In other words, the quantum interference happens if the interference term (3) is not null. There are two reasons for the absence of interference. One possible reason is simply that there is no indistinguishable state between two sources, that is c 2 = 0 or c 3 = 0. Another reason could be out of phase for two coherent amplitudes, c 2 and c 3 .
In this sense, the indistinguishable state is only a necessary condition for interference, but not a sufficient one. The relative phase between the amplitudes c 2 and c 3 may settle the interference absence, constructive and destructive according to null, positive and negative interference terms, respectively. In the language of quantum state, in essence, the interference originates from the coherent superposition of probability amplitudes for the indistinguishable states of different sources. We survey two-photon interference in this picture.
B. input-output transformation of quantum state in a beam splitter
A beam splitter performs a linear transform for two input optical beams. In the quantum regime, the bosonic commutation must be satisfied for all the field operators in the beamsplitter transform. So, for a lossless beamsplitter, the general transformation between input and output field operators obeys [16] 
where a i and b i are the field annihilation operators for the input and output ports, respectively. The subscript i (i = 1, 2) symbolizes the ports in the same propagation direction. θ characterizes the reflection and the transmission rates, for instance, θ = π/4 for a 50/50 beamsplitter. φ τ and φ ρ are two phases allowed in the unitary transformation (4). In transformation (4), two input beams, a 1 and a 2 , should be in the same mode. In other words, two input photons are indistinguishable as soon as they are mixed in the beamsplitter. Transformation (4) is carried out in the H-picture. In principle, it can solve all the problems concerning the beamsplitter transform by evaluating expectation values of field operators. Nevertheless, the method wipes out the information of what happens for quantum state. This shortcoming can be avoided in the S-picture. The transform of wavevector in the S-picture, corresponding to the operator transformation (4), |Ψ out = U |Ψ in , has been discussed in Ref. [16] , in which an explicit expression of U has been given. Alternatively, we use a simpler method to evaluate the output wavevector. It is a similar method as for a dynamic quantum system -when the evolution of operators has been known in the H-picture, one may obtain the state evolution in the S-picture without solving the Schrödinger equation. [17] The method requires two conditions: (i) the initial state is known as
where α and β are mode index. Then we consider a quantum state containing two photons separated spatially. Each photon has a given propagation direction, designated by the subscripts 1 and 2, so that the separated two photons are ready to be incident upon two input ports of a beamsplitter. In the description of a two-photon wavepacket, we discuss two cases.
Case I : two-photon wavepacket in the same polarization (or spatial) mode If we assume two photons to be in the same polarization mode, the two-photon state in a general form can be expressed as
Note that two photons in the state a † 1 (ω 1 )a † 2 (ω 2 )|0 are distinguishable even if ω 1 = ω 2 since they are separated physically. C(ω 1 , ω 2 ) denotes a spectrum of two-photon wavepacket. The corresponding two-photon wavepacket for state (12) is given by
Equation (12) can describe both entangled and un-entangled two-photon states. If two-photon spectrum can be factorized as
the two-photon state |Φ two is un-entangled. That is, the two-photon state consists of two independent single-photon wavepackets such as
where C j (z/c − t) is the single-photon wavepacket designated by Eq. (9) . Otherwise, if the factorization (14) is impossible, Eq. (12) defines a frequency-entangled two-photon state. The corresponding two-photon wavepacket (13) can not be factorized into two single-photon wavepackets as Eq. (15) does. This kind of two-photon state can be generated in the SPDC of type I. For example, in the degenerate case, the two-photon spectrum of a pair of entangled photons can be expressed in a symmetric form [11] 
where Ω and σ are the central frequency and the bandwidth, respectively, for both the signal and the idle beams. Ω p = 2Ω is the central frequency for the pump beam. Function g(x) describes the phase matching. For simplicity, it can be assumed as a Gaussian
where σ p is the bandwidth of the pump beam. In the case of σ p → 0, Eq. (17) tends to a δ−function
As an important example, a set of Bell states, which consist of two monochromatic photons with frequencies Ω 1 and Ω 2 being in the same polarization, are written as
Case II : two-photon wavepacket in two orthogonal polarization (or spatial) modes We assume that there are two un-entangled single-photon wavepackets traveling in different directions, and each of them is described by a two-mode superposition state (11) . The combined state for the two photons is written as
In the general case, a two-mode two-photon wavepacket can be expressed as
where
There are four two-photon spectra,
, which describe a two-mode two-photon wavepacket. If the factorization of Eq. (21) into Eq. (20) is impossible, the two-mode wavepacket is entangled. This kind of two photon states can be generated in the SPDC of type II, in which a pair of down-converted photons, o-ray and e-ray, are polarization-orthogonal. A very famous example is the set of Bell states consisting of two photons: one with frequency Ω α and polarization α and the other one with frequency Ω β and polarization β,
The Bell states |Ψ ± can be generated in the SPDC process of type-II, in which two down-converted photons come from the overlap of the o-ray and e-ray cones. [19] However, a half-wave-plate can change the polarization between horizontal and vertical, so that by using two orthogonal half-wave-plates in two paths, the Bell states |Φ ± can be obtained from |Ψ ± (if one sets Ω α = Ω β ). By taking into account the bandwidths of the beams, the polarization entanglement state generated in SPDC of type II can be described as
where Ω p = Ω α + Ω β , and we have assumed that o-ray and e-ray have different central frequencies and bandwidths. The phase θ depends on the crystal birefringence. But if one puts a wave-plate in path 1, it is possible to introduce an additional relative phase to the polarization β, so that the phase θ can be set as desired. [19] 
III. TWO PHOTON INTERFERENCE IN A BEAM SPLITTER
A. output quantum states and coincidence probability Equation (5) can be used to calculate the output quantum state for any input state incident upon a beamsplitter. We focus on the input states of a two-photon wavepacket, as has been shown in the last section.
Case I : For the input state (12), the corresponding output state after the beamsplitter transform is obtained as
For a 50/50 beamsplitter (In the following text, we consider only the case of the 50/50 beam splitter.), Eq. (26) is reduced to
In Eq. (27), the first and last terms describe two photons exiting from the same output port, whereas the second term describes two photons exiting from two different ports resulting in a "click-click" in coincidence measurement. The coincidence probability for a "click-click" detection at two output ports is evaluated by
where we have considered that |C(ω 1 , ω 2 ) − C(ω 2 , ω 1 )| 2 is symmetric with respect to the diagonal ω 1 = ω 2 in the frequency space (ω 1 , ω 2 ) and vanishes at ω 1 = ω 2 . It can be expressed in the integration form as
where the normalization (26) is in fact the same operation as Eq. (2). Physically, in the input two-photon wavepacket, it may contain two sources: source 1 -a photon of frequency ω 1 at port 1 and the other photon of frequency ω 2 at port 2 with the amplitude C(ω 1 , ω 2 ); source 2 -a photon of frequency ω 2 at port 1 and the other photon of frequency ω 1 at port 2 with the amplitude C(ω 2 , ω 1 ). The above pair of sources, a †
, in the input state can generate indistinguishable output states. In the spectral plane for the input state in which each point corresponds to a biphoton sub-state with an amplitude C(ω 1 , ω 2 ), the diagonal ω 1 = ω 2 divides the plane into two parts. The interference occurs between a pair of symmetric points with respect to the diagonal, as shown in Fig. 1 .
Equation (29) for the coincidence probability shows an interference term C(ω 1 , ω 2 )C * (ω 2 , ω 1 )+c.c.. As pointed out in Sec. II-A, the necessary and sufficient condition for the absence of interference is
It results in a 50% coincidence probability, that is, the probability of that two photons go together is equal to that they exit from different ports. Obviously, if the spectrum of the input state satisfies
the interference disappears. In this case, there is no pair of two-photon states to be interfered, as shown in Fig. 1a . But condition (31) is not necessary for the absence of interference. The other condition for the absence of interference is out of phase between amplitudes C(ω 1 , ω 2 ) and C(ω 2 , ω 1 ), i.e. arg C(ω 1 , ω 2 ) − arg C(ω 2 , ω 1 ) = (n + 1/2)π. Otherwise, the phase difference of two biphoton states determines increase and decrease of the coincidence probability. Now we can answer the question raised in Introduction. In the language of quantum state, it is clear to show the nature of interference based on the "biphoton", but not "two photons". What we emphasize is that this interference mechanism does not ask for any precondition for the input two-photon state, either entangled or un-entangled. We will show in the following that entangled two-photon wavepacket behaves in a distinct interference manner different from un-entangled one.
Case II : If we assume that the beamsplitter does not change the polarization of the input beam, Eq. (7) can be still used to the polarization modes α and β individually. In a two-photon state with two polarizations, the biphoton state with the same polarization αα is distinguishable from the states with the same polarization ββ and the cross polarizations αβ and βα. Therefore, the interference can not occur among them. For the input state shown in Eq. (21), one may calculate the output state in such a way
(32c) Equation (32b) has already been calculated in Eqs. (25)-(27). Equation (32c) can be calculated as
For a 50/50 beamsplitter, it is written as
. In the summation, the first term shows α and β photons traveling together, and the second term shows α and β photons exiting separately from two output ports, causing a "click-click" counting.
For the input state of Eq. (21), the normalization is described as
where n ij indicates the probability proportion of the input state |Φ ij of Eq. (21). For case II, we consider polarization-sensitivity of detection system which can distinguish the output coincidence probability for two photons with a particular configuration of polarizations. Similar to Eq. (29), the coincidence probability for the same polarized photons is obtained as
where the normalization (35b) has been used. The coincidence probabilities for two output photons with the cross polarizations can be obtained by Eq. (34). Two coincidence probabilities, α(β) photon at port 1 and β(α) photon at port 2, are the same as
where the normalization (35c) has been used. If the detection does not distinguish polarization, the total coincidence probability is detected as
As mentioned above, because of the distinguishability of the polarization configuration, the interference between two photons with the same polarization is independent of that for the cross polarizations. The condition of the absence of interference for the same polarized photons is the same as that in case I. (see Eq. (30)) As for the states |Φ αβ and |Φ βα shown in Eq. (22b), the condition for the absence of two-photon interference is a null interference term
It results in the coincidence probability of the cross-polarized photons
so that the coincidence probability P αβ c
is one half of the probability proportion n αβ + n βα for the pairs of cross-polarized photons. Again, the probability that two photons go together is the same as that they exit separately. Equation (37) shows that the interference occurs between the input states |Φ αβ and |Φ βα . If only one state, either |Φ αβ or |Φ βα , exists, the interference never happens because of
Similarly, the phase difference between two amplitudes, C αβ (ω 1 , ω 2 ) and C βα (ω 2 , ω 1 ), dominates the occurrence of interference. When both the input states |Φ αβ and |Φ βα coexist, the interference occurs between two sources: source 1 -a photon (ω 1 , α) at port 1 and the other photon (ω 2 , β) at port 2 with the amplitude C αβ (ω 1 , ω 2 ); source 2 -a photon (ω 2 , β) at port 1 and the other photon (ω 1 , α) at port 2 with the amplitude C βα (ω 2 , ω 1 ). Sources 1 and 2 come from the input states |Φ αβ and |Φ βα , respectively. Note that in this case two photons at two input ports are always orthogonal in polarization and there is no degenerate photons. Undoubtedly, the effect cannot be understood in the "two photons picture". To understand the interference mechanism in case II, we give a simple explanation. The pair of sources, a †
, become indistinguishable when they are mixed in the beamsplitter. This can be seen by omitting the subscripts 1 and 2 of the creating operators. However, the pair of sources, a †
, are still distinguishable as the subscripts 1 and 2 have been omitted. So that the interference can not occur when the state |Φ αβ (or |Φ βα ) exists by itself even if it has a symmetric spectrum C αβ (ω 1 , ω 2 ) = C αβ (ω 2 , ω 1 ).
B. coalescence interference
In the last subsection, we show the interference term in the representation of quantum state. In the presence of interference, the interference term increases or decreases the coincidence probability with respect to that of the absence of interference. It is necessary to define two manners of two-photon interferences, the coalescence interference (CI) and the anti-coalescence interferences (ACI), according to the coincidence probabilities less and more than that for the absence of interference, respectively. For the CI effect, the probability of the fact that two photons travel together is more than the probability of the fact that they exit apart. In the extreme case, two photons always go together and the coincidence probability is null, one calls it the perfect coalescence interference.
Case I : According to Eqs. (27) or (29), the sufficient and necessary condition for the perfect CI is that the two-photon wavepacket has a symmetric spectrum in the whole frequency range
A symmetric spectrum can be acquired for both entangled and un-entangled two-photon wavepackets. For example, a pair of degenerate photons generated in SPDC of type I, such as shown in Eq. (16), has a symmetric spectrum. The three Bell states |Φ ± and |Ψ + described in Eqs. (19) are also symmetric. These examples of two-photon entangled states show the perfect CI.
For two independent single-photon wavepackets, the two-photon spectrum is the product of two single-photon spectra shown in Eq. (14) . If two single-photon spectra are identical, C 1 (ω) = C 2 (ω) = C(ω), the symmetric condition (42) is fulfilled. This means two identical single-photon wavepackets perform the perfect CI. On the contrary, if the symmetric spectrum (42) is satisfied for two independent wavepackets, i.e.
where s is a constant independent of frequency. By taking into account the normalization
2 dω, one obtains s = e iθ and hence
The spectrum of two un-entangled single-photon wavepackets is then
The phase factor independent of frequency is actually trivial. In this sense, we can conclude that the necessary and sufficient condition for the perfect CI of two independent single-photon wavepackets is that two single-photon wavepackets are identical.
Furthermore, we prove that, for two independent single-photon wavepackets, the coincidence probability is not greater than one half. Since one has
Eq. (29) is written as
This is the right reason why we distinguish CI and ACI effects. In case I, the ACI effect never happens for two un-entangled single-photon wavepackets. Equation (46) shows that if two independent single-photon spectra never overlap in the whole frequency range, i.e. |C 1 (ω)C 2 (ω)| ≡ 0, there is no two-photon interference. In the "two photons picture", it would be explained by the distinguishability of two input photons, i.e. two photons have different frequencies. But this explanation is inconsistent with the fact that two non-degenerate photons can interfere in some other cases. However, in the "biphoton picture", we can find the correct understanding. To be explicit, we assume that the spectrum of each single-photon wavepacket is a Gaussian type
. If the two single-photon spectra have the same central frequency Ω 1 = Ω 2 = Ω, i.e. they are identical, the corresponding two-photon spectrum
] is symmetric with respect to the diagonal ω 1 = ω 2 , as shown by the contour plot of the spectrum in Fig. 2a . If, however, the difference of the two central frequencies is larger than the bandwidth, |Ω 2 
example, the one for the absence of interference. In experiment, this can be done by introducing different paths for two incident beams. Let us assume a two-photon spectrum C s (ω 1 , ω 2 ) to be defined at an optical source emitting two beams separately. These two beams, traveling different paths z 1 and z 2 , are ready to input into two ports of a beamsplitter. According to Eq. (13), the new spectrum after the paths is written as
If C s (ω 1 , ω 2 ) is symmetric, C(ω 1 , ω 2 ) becomes asymmetric at the unbalanced position z 1 = z 2 .
As an example, we consider a source emitting a two-photon wavepacket with the spectrum as
where Ω p = Ω 1 + Ω 2 describes the phase matching in which Ω p and Ω i (i = 1, 2) are the central frequencies for the pump beam and two converted beams, respectively. σ defines the bandwidth for two converted beams. This is the typical form of two-photon wavepacket generated in SPDC of type I by taking into account the two down-converted beams non-degenerate. If g(ω 1 + ω 2 − Ω p ) can not be factorized as g 1 (ω 1 )g 2 (ω 2 ), it describes an entangled two-photon wavepacket. However, Eq. (48) can describe an un-entangled two-photon wavepacket too, as long as g(x) = 1. For the spectrum (48), we calculate the coincidence probability by Eq. (29) and obtain (see Appendix A)
where the path difference ∆z = z 2 − z 1 and the frequency deference ∆Ω = Ω 2 − Ω 1 . The equation displays a well known interference dip at the balanced position z 1 = z 2 , observed in the previous experiments, for example, in Refs.
[1] and [2] for the entangled two-photon state, and in the recent experiment reported in Ref. [13] for two independent single photons. The width of the dip is defined by the coherent length of the single-photon beam c/σ. When the path difference ∆z exceeds far the coherent length ∆z >> c/σ, the CI disappears, showing the reference (P c = 1/2) for the absence of interference. In the degenerate case ∆Ω = 0, the coincidence probability is null at the balanced position and the perfect CI occurs due to the symmetry of the spectrum (48). The level of dip rises as the difference of the central frequencies ∆Ω is increased. However, it is interesting that the coincidence probability does not depend on the form of function g(x), so that the present theory contributes an uniform description for both entangled and un-entangled two-photon wavepackets. In a general case when the bandwidths of two single-photon beams are not equal, in order to evaluate the coincidence probability, function g(x) must be given. Let the spectrum of two-photon wavepacket
where σ p is the bandwidth for the pump beam. The coincidence probability is calculated as
where two effective bandwidths are defined as
The effective bandwidths σ s and σ f determine the spatial coherent range and the frequency range of two-photon interference, respectively. In the extreme case σ p → 0 which describes the maximum two-photon entanglement, two effective bandwidths are equal: σ f = σ s . However, when σ p → ∞, the two converted beams are not entangled, the coincidence probability is written as
It verifies P c < 1/2 for two independent single-photon wavepackets. Case II : In the general form of case II, the input state includes four parts shown in Eq. (21). We have already indicated in Sec. III-A that there is no interference among the states |Φ αα , |Φ ββ and |Φ αβ + |Φ βα , so that they can be discussed independently. For state |Φ mm , discussion is the same as case I. For |Φ αβ + |Φ βα , one may use Eq. (34), or Eq. (37) to study the CI effect. Therefore, for case II, the sufficient and necessary conditions for the perfect CI are obtained as
We note that the conditions (54a) and (54b) are for the perfect CI of two photons with the same polarization (state |Φ mm ) and with orthogonal polarizations (state |Φ αβ + |Φ βα ), respectively. Similar to case I, the perfect CI can be acquired for both entangled and un-entangled two-photon wavepacket. For the entangled two-photon states, for instance, the Bell states |Φ ± and |Ψ + described by Eqs. (23a) and (23b) satisfy the symmetric conditions (54a) and (54b), respectively. However, the polarization-entangled two-photon wavepacket |Ψ w (θ = 0) , defined by Eq. (24), satisfies condition (54b).
Then we consider two independent single-photon wavepackets, described by Eq. (20) . The normalization of each single-photon wavepacket requires
If two single-photon wavepackets are identical
it is readily to verify that the symmetric conditions (54) have been satisfied. As the same as case I, two identical single-photon wavepackets show the perfect CI. On the other hand, if the symmetric condition Eq. (54b) has been satisfied for two independent single-photon wavepackets, one obtains
where the constant s is independent of frequency. By taking into account the normalization (55), one obtains s = e iθ , and hence
This means that, for two independent single-photon wavepackets, if only condition (54b) has been satisfied, condition (54a) must be satisfied, too, and the two wavepackets are identical in addition to a phase. In other words, for two independent single-photon wavepackets, if the perfect CI for photons with the cross polarizations has been observed, one can predict the perfect CI for photons with the same polarization. We calculate the coincidence probability for two independent single-photon wavepackets. Using Eqs. (36) and (45), we obtain
where n 1m n 2m is the probability of two m-polarized photons entering the beamsplitter. Equation (59) shows that (1/2)n 1m n 2m is the reference coincidence probability for the absence of interference of the m-polarized photons. This means that the ACI effect cannot be observed in detection of the coincidence probability of the same polarized photons. By taking into account the integral
and Eq. (37), the coincidence probability for the pairs of cross-polarized photons is obtained as
where n 1α n 2β + n 1β n 2α is the probability of two cross-polarized photons entering the beamsplitter. Again, (1/2)(n 1α n 2β + n 1β n 2α ) is the reference coincidence probability for the absence of interference for two cross-polarized photons. Different from P mm c , P αβ c + P βα c can be higher or lower than this reference. Finally, the total coincidence probability (38) is written as
where the normalization (55) has been applied. This result tells us that, for two independent single-photon wavepackets, the ACI effect never occurs for the polarization-insensitive detection. Of course, each sub-coincidence probability, such as P mm c (m = α, β) or P αβ c + P βα c , is no more than one half, too. In consequence, two-photon coalescence interference in a beamsplitter can inspect the identity for two independent single-photon wavepackets or, substantially, the symmetry of the spectrum of two-photon wavepacket. Obviously, CI is not a criterion for two-photon entanglement. We have proved in Eqs. (46) and (62) that ACI effects cannot occur for two independent single-photon wavepackets. Therefore, ACI is the signature of two-photon entanglement. We will discuss ACI in details in the next two sub-sections.
C. anti-coalescence interference and two-photon transparent state
The other manner of two-photon interference is just opposite of the coalescence interference: the coincidence probability at the output of beamsplitter is greater than that of the absence of interference. In the extreme case two photons never go together, we call it the perfect ACI.
Case I : According to Eq. (27), the necessary and sufficient condition for the perfect ACI is
in the whole frequency space. We call Eq. (63) the anti-symmetric two-photon spectrum. Obviously, it satisfies C(ω, ω) = 0. One can see immediately from Eq. (27) that only the output states for two photons traveling in different ports remain so that the coincidence probability is unity. Furthermore, when the anti-symmetric condition (63) is satisfied, the output state (27) is reduced to
It means that when the perfect ACI occurs, the output state is identical to the input. In other words, a two-photon wavepacket with the anti-symmetric spectrum (63) is invariant under the 50/50 beamsplitter transform, or it is the eigenstate with the unity eigenvalue. Note that the eigenstate is not unique, and it can be any two-photon wavepacket satisfying condition (63). Physically, the two-photon wavepacket is perfectly transparent passing beamsplitter, so we call it two-photon transparent state. Of course, the two-photon transparent state must be in entanglement, since two independent single-photon wavepackets never show ACI effect. A well-known example of two-photon transparent state is the Bell state |Ψ − which is defined by (19b) and satisfies the anti-symmetric condition (63). So the Bell state |Ψ − is the eigenstate in a 50/50 beamsplitter transform. This is the reason why the Bell state |Ψ − can be measured by a coincidence counting in the teleportation scheme. [18] Case II : Similarly as discussed above, the necessary and sufficient conditions for the perfect ACI are
The same as case I, condition (65a) gives the invariant state
However, under condition (65b), one obtains
Again, a two-photon wavepacket with the anti-symmetric spectra (65) is transparent passing the beamsplitter. It is readily to check that the polarization-entangled anti-symmetric Bell state |Ψ − and state |Ψ w (θ = π) , defined by Eqs. (23b) and (24), respectively, fulfill conditions (65) and hence are the two-photon transparent states.
We have already indicated that, there is no interference among two-photon pairs, αα, ββ and αβ, so that conditions (65a) and (65b) are for the perfect ACIs of two photons with the same polarization and the orthogonal polarizations, respectively. For case II, it is possible that one of the two-photon spectra is symmetric and the other one is antisymmetric. For example, we consider two independent single-photon wavepackets which are identical . Then a phase shift θ for β−polarized beam is introduced by inserting a wave-plate in path 1. The combined two-photon state is written as
The two-photon spectra of state |Ψ ss (θ = π) satisfy the symmetric condition (54a) for the photon pairs αα and ββ, and the anti-symmetric condition (65b) for the photon pair αβ. In result, the photon pairs with the same polarization travel together while the photon pairs with the orthogonal polarizations exit from different ports. Nevertheless, the total coincidence probability in polarization-insensitive detection must satisfy Eq. (62).
D. observation of anti-coalescence interference effect
The detection of entanglement is the one of the important tasks in quantum information. We have proved in the previous subsections that the ACI effect is the signature of two-photon entanglement so that it can be an useful and simple method to demonstrate entanglement.
The photon entanglement state generated in the source may have a symmetric spectrum showing the CI effect. Due to the fact that the manners of interference depend on the relative phase of the interference term which increases or decreases coincidence probability, we introduce an additional phase in two-photon wavepacket to change the manners of the interference from CI to ACI.
Case I : We consider a two-photon spectrum in the form of
in which f (x) describes a spectral profile identical for two single-photon beams and g(x) describes possible entanglement. Obviously, spectrum (69) is symmetric. If f (x) is a Gaussian, we have already calculated the coincidence probability as shown in Eq. (49) which is in fact irrelevant to photon entanglement. In order to introduce an additional phase in the spectrum, one can set an unbalanced Mach-Zehnder interferometer in one path of the beam. This method was proposed in the previous experiments.
[8] [9] We explain this method again in the S-picture by the spectra feature for two-photon state. Let beam 1 be split into two parts, and one travels a short path L s , and the other a long path L l . Then these two sub-beams incorporate a beam again which interferes with beam 2 traveling a path z 2 . The new two-photon spectrum at the input ports of beamsplitter is obtained as
where the additional phase θ = Ω∆L/c = 2π∆L/λ. λ = 2πc/Ω is the wavelength for each single-photon beam. In the case of the perfect phase matching in SPDC, g(x) → δ(x), one obtains
At the balanced position z 1 = z 2 , spectrum (72a) is symmetric and spectrum (72b) is anti-symmetric so that the phase θ dominates the interference manners changed between the perfect CI and ACI. Now, we consider the two-photon spectrum Q(ω 1 , ω 2 ) at the source defined by Eqs. (16) and (17) . Using Eq. (29), we calculate the coincidence probability for the two-photon spectrum (71) (see Appendix B)
where β ≡ σ p /σ and ∆z = z 2 − z 1 . The three terms in the square brackets of Eq. (73a) contribute to the interference occurring mainly at the three positions of beamsplitter: the first term for ∆z = 0 and the last two terms for ∆z = ±∆L. Similar to Eq. (49), the coherent length of the single-photon beam c/σ defines the width of the interference dip (or peak) so that only when ∆L is larger than c/σ the dips can be apart in space. In the first term, the phase 2θ may affect the interference manners, CI, ACI or the absence of interference, whereas in the last two terms it shows only the CI effect. However, to show a significant interference effect at the balanced position, it should satisfy the condition
where c/σ p is the coherent length for the pump beam. Since σ p is related to two-photon entanglement, c/σ p is also called the two-photon coherent length. For σ p << σ (β << 1), that is the two-photon coherent length is much larger than the single-photon coherent length, it is possible that the optical path difference of two beams ∆L exceeds the single-photon coherent length c/σ, but condition (74) is satisfied. This fact has been demonstrated experimentally in Ref. [9] . For the perfect phase matching in SPDC, g(x) = δ(x) is set in Eq. (16), the coincidence probability can be calculated by Eq. (29)
If ∆L >> c/σ, the above equation is approximately written as
This result was obtained in the previous study [9] . (Note that Eq. (76) is approximately valid since it gives P c < 0 at ∆z = 0 for θ = nπ.) At the balanced position, Equation (75) is simplified as
It shows that, for an ideal two-photon entanglement in frequency, the perfect CI and ACI occur by setting the phase θ = nπ and θ = (n + 1/2)π, respectively. This is consistent with the symmetry of two-photon spectrum indicated by Eq. (72).
To show the feature of the entanglement, we also apply this method to two independent single-photon wavepackets for comparison. In this case, we set g(x) constant in Eq. (16) , and the two single-photon spectra are separable as
in which the phase factor independent of frequency is neglected. By using Eq. (46), we calculate the coincidence probability for the above two independent single-photon spectra (see Appendix C)
The first line of Eq. (79) shows clearly P c < 1/2. We note that the same results as Eqs. (75) and (79) can also be obtained from Eq. (73) by setting β → 0 and β → ∞, respectively. In Figs. 3-5 , we plot the coincidence probabilities for the three examples of two-photon spectra: the maximum two-photon entanglement described by g(x) = δ(x), the arbitrary entanglement described by Eq. (17) with σ p = σ, and the two independent single-photon wavepackets (78), which are indicated by solid, dashed and dotted lines, respectively. Figures 3a and 3b show the coincidence probability versus the phase 2θ at the balanced position z 1 = z 2 for ∆L(σ/c) =1 and 3, respectively. It shows that the phase θ dominates the manners of interference. For the maximum entanglement (solid line), the perfect CI and ACI occur at the phase 2θ = 2nπ and (2n + 1)π, respectively, and it is independent of the normalized optical path difference ∆L(σ/c). For an arbitrary entanglement, however, both CI and ACI can occur, but not perfect (dashed line). As for two independent single-photon wavepackets in the coherent range for single-photon (∆L(σ/c) = 1), the CI occurs, but there is no ACI effect (dotted line).
In experiments, it would be difficult to measure the net coincidence probability due to a lower quantum efficiency. The curves in Fig. 3 are unable to witness ACI effect if there is not a reference for coincidence probability. Alternatively, one may scan the position of beamsplitter to show the two-photon interference. In Fig. 4 , we plot the coincidence probability versus the normalized position of the beamsplitter ∆z(σ/c) for ∆L(σ/c) = 1. The reference of coincidence probability has been shown at the large ∆z(σ/c). In Fig. 4a , by choosing the phase 2θ = (2n + 1)π, the ACI effect has been shown at the balanced position, and it witnesses the two-photon entanglement of the input state. In Fig. 4b , 2θ = 2nπ, the CI occurs, and there is no significant difference for the three cases. In Fig. 4c (also in Fig. 5c ) for 2θ = (2n + 1/2)π, however, the three curves coincide exactly, showing the CI. As a matter of fact, for 2θ = (2n + 1/2)π, Eqs. (73), (75) and (79) become identical
In this case, the interference is independent of photon entanglement evaluated by the bandwidth σ p of the pump beam. In Fig. 5 , we set a larger ∆L(σ/c) = 3, for which the traveling path difference ∆L of two photons is larger than the coherent length c/σ of the single-photon beam. The two side-dips emerge approximately at the position ∆z = ∆L. Different from Fig. 4 , for two independent single-photon wavepackets (shown by the dotted lines), the interferences disappear at the balanced position for any value of phase θ. But the CI and ACI still occur for the entangled two-photon wavepacket by choosing proper phases. The interference effect shown in Fig. 5 has been reported in Ref. [9] , in which the authors demonstrate that "the single-photon wavepacket concept is not always appropriate for two-photon interference measurements". Due to the fact that in the experiment two photons to be interfered are in entanglement the Feynman-type diagrams of biphoton amplitudes were applied in their theoretical analysis. In the present theory we show an uniform description for a general wavepacket containing two photons, whether in entanglement or not. It has shown that the entangled twophoton wavepacket may behave in interference manners similar to or different from the un-entangled one. But only ACI effect is the signature of two-photon entanglement. The various effects can be understood by the two-photon spectra which are typically described by Eqs. (71), (69), (16) and (17) . We plot the contours for the envelope of the spectra by omitting the oscillatory phase factor (i.e. setting z 1 = z 2 = 0 in Eq. (71)) for simplicity. Each point in the spectral plane corresponds to a two-photon state with the amplitude C(ν 1 , ν 2 ). In the contour, pairs of points symmetric with respect to the diagonal ν 1 = ν 2 contribute to interference so that the topological characteristic of contour may illustrate the interference manners. Figures 6 and 7 show the contours of the spectra for the un-entangled (by setting g(x) = 1) and entangled (by setting σ p = (1/3)σ) wavepackets, respectively, in which the bright and the dark with respect to the background indicate respectively the positive and negative values of amplitudes. In Figs. 6 and 7, the parameters are chosen as (a) ∆L(σ/c) = 1 and θ = nπ; (b) ∆L(σ/c) = 1 and θ = (n + 1/2)π; (c) ∆L(σ/c) = 3 and θ = nπ; (d) ∆L(σ/c) = 3 and θ = (n + 1/2)π. For un-entangled two-photon wavepacket, in Fig. 6 , the contours of spectra are symmetric with respect to the Cartesian axis, but not to the diagonal. As for entangled two-photon wavepacket, the contours in Fig. 7 show approximate symmetry with respect to the diagonal: the symmetric for Figs. 7a and 7c and the anti-symmetric for Figs. 7b and 7d.
Case II : We discuss two examples: one is the polarization entangled two-photon wavepacket described by Eq. (24), and the other one consists of two independent single-photon wavepackets being in two orthogonally polarized modes described by Eq. (68). The manners of two-photon interference depends mainly on the phase factor e iθ , which can be set as desire by inserting a wave-plate in path 1 for β-polarization.
To show the reference of interference, let beam j travel a path z j before entering beamsplitter. At the input ports of beamsplitter, the two-photon entangled spectra for Eq. (24) are given by
First, we assume σ α = σ β = σ, and g(x) can be any form. According to Eq. (38), one obtains the coincidence probability (see Appendix D)
Different from Eq. (49), which describes interference of two-photon wavepacket in the same polarization, the frequency difference of two orthogonally polarized photons introduces a spatial quantum beating. [4] [5] For the two-photon wavepacket with only frequency entanglement generated in SPDC of type I, the difference of the central frequencies of two converted single-photon beams diminishes the symmetry of the two-photon spectrum (see Eq. (48)). However, for the polarization entangled two-photon wavepacket generated in SPDC of type II, at the balanced position z 1 = z 2 and θ = 0, the symmetry between C αβ (ω 1 , ω 2 ) and C βα (ω 1 , ω 2 ) in Eq. (81) is maintained for two colored converted beams. At unbalanced positions, the frequency difference causes a phase shift just like phase θ and results in a spatial modulation. Then we consider σ α = σ β . In order to calculate coincidence probability, function g(x) has to be defined, for example, by Eq. (17) . The coincidence probability is the same as Eq. (82), but σ is defined by an effective bandwidth (see Appendix D)
This means that in the polarization-entangled state the frequency correlation described by function g(x) is insignificant for affecting the manners of the interference. For two independent single-photon wavepackets described by Eq. (68), let beam j traveling a path z j , the spectra at the beamsplitter are obtained as
where the normalization is given by
According to Eqs. (59) and (61), the coincidence probabilities for the photons with the same polarization and the cross polarizations are respectively calculated as
and
The total coincidence probability is given by
In the case of σ α = σ β ≡ σ and n α = n β = 1/2, Eq. (88) is simplified as
In Figs. 8-12 , we plot the coincidence probabilities for the above two examples of case II, the polarization entangled and un-entangled two-photon wavepackets, described by Eqs. (81) and (84), respectively. First, we consider the coincidence probability at the balanced position z 1 = z 2 of the beamsplitter where the interference effect is significant. For the entangled wavepacket, Eq. (82) becomes
It verifies the previous discussion: for the spectrum with the symmetry the perfect CI and ACI effects occur by setting phase θ = 0 and π, respectively. For the un-entangled wavepacket, according to Eq. (86), the pairs with the same polarization show the perfect CI, P αα c = P ββ c = 0 at the balanced position. In result, the total coincidence probability is obtained as
Similarly, it can perform the perfect CI at θ = 0. Because of the normalization (85), it has n α n β ≤ 1/4. Hence the maximum coincidence probability in Eq. (91) is P c = 1/2 for θ = π. Figure 8 shows the total coincidence probabilities versus phase θ for these two examples. Note that, for the two modes case, P c = 1/2 does not always mean "the absence of interference", and it will be illustrated in Fig. 11 . For the sake of showing the reference, the coincidence probabilities versus the normalized position of beamsplitter are plotted in Figs. 9-12 , in which Figs. 9 and 10 are for the polarization entangled wavepacket, and Figs. 11 and 12 for the two independent single-photon wavepackets. In Fig. 9 , by setting Ω α = Ω β , it shows the different profiles of the interference, depending on phase θ. The observable ACI effect for the phase θ = π shows the evidence for two-photon entanglement. It is interesting that, when θ = π/2, there is no interference completely. This is because of out of phase for two amplitudes of the two-photon states interfered. When Ω α = Ω β , the coincidence probabilities display the interference fringe shown in Fig. 10 . The phase causes the shift of the fringe.
For two independent single-photon wavepackets being in two polarization modes, if the detection system can recognize the polarization, one can observe polarization-sensitive two-photon interferences. In Fig. 11 , in which n α = n β = 1/2, Ω α = Ω β and σ α = σ β ≡ σ are set in Eqs. (84) and (85), it shows that the photon pair with the same polarization (αα) or (ββ) perform the same CI which is independent of phase θ, while the photon pair with the orthogonal polarizations may show different manners of interferences, depending on phase θ. For example, when θ = π, the interference pattern for P αα c or P ββ c shows the same dip, whereas for P αβ c + P βα c it shows a peak. In result, the total coincidence probability satisfies P c ≡ 1/2. Physically, it does not mean "the absence of interference", because the two opposite manners of interferences do occur. The photons with the same polarization travel together while the photons with the different polarizations travel apart. The peak observed in the polarization-sensitive detection does not mean that the input two-photon wavepacket is in entanglement. In order to demonstrate the entanglement, one must measure the coincidence probability insensitive to polarization. When the difference of the central frequencies for two polarized modes is introduced, Ω α = Ω β , the interference fringes appear as shown in Fig. 12 . In comparison of Fig. 12 with Fig. 10 , it shows clearly the difference of the reference level in the interference fringes, which witnesses the two-photon entanglement.
IV. CONCLUSION
In conclusion, we study two-photon interference for a general two-photon wavepacket with a finite spectral range in the representation of the quantum state. It is clearly shown that two-photon interference originates from the indistinguishability of two-photon states, whether for input an entangled two-photon wavepacket or two independent single-photon wavepackets. Various behaviors of two-photon interferences can be understood by the topological symmetry of two-photon spectral amplitude. We distinguish the CI and ACI effects according to the coincidence probability less and more than that for the absence of interference. We prove that un-entangled two-photon wavepackets never show ACI effect, so it makes possibility to witness the photon entanglement by the ACI effect. However, the necessary and sufficient conditions for the perfect CI and ACI are deduced. For a two-photon wavepacket with anti-symmetric spectrum, the perfect ACI occurs and the wavepacket passes a 50/50 beamsplitter transparently.
In this paper, we consider the two-photon wavepacket propagating in one dimension. Without difficulty, the present method can be extended to discuss the beam with transverse distribution. The recent work [20] has shown that the spatial symmetry of wavefunction can also affect the interference manners. By taking into account the normalization (B1), we obtain the coincidence probability (73).
C. Appendix C
For two independent single-photon spectra defined by Eq. (78), the normalization is given by 1 = A captions of figures Fig. 1 Spectral plane for the input state. (a) There is not a pair of two-photon states to be interfered because |C(ω 1 , ω 2 )C(ω 2 , ω 1 )| = 0; (b) There are pairs of symmetric two-photon states and the degenerate two-photon states which may interfere. Fig. 2 Contours of two-photon spectra for two independent single-photon wavepackets, each of which is described by a Gaussian-type. (a) two wavepackets have the same central frequency, and (b) two wavepackets have different central frequencies. Fig. 3 Coincidence probability versus phase 2θ at the balanced position z 1 = z 2 for the perfect entanglement g(x) = δ(x) (solid line), the arbitrary entanglement g(x) defined by Eq. (17) with σ p = σ (dashed line), and two independent single-photon wavepackets (dotted line). The normalized optical path difference: (a) ∆L(σ/c) = 1, (b) ∆L(σ/c) = 3. Fig. 4 Coincidence probability versus the normalized position of beamsplitter, ∆z(σ/c), for (a) θ = (n + 1/2)π, (b) θ = nπ, and (c) θ = (n + 1/4)π. Other illustrations are the same as Fig. 3 . Fig. 7 Contours of entangled two-photon spectra with σ p = (1/3)σ; other parameters are the same as in Fig. 6 . Fig. 8 Total coincidence probability versus phase θ at the balanced position z 1 = z 2 for two independent singlephoton wavepackets being in two orthogonal polarizations (curve 1) and the polarization entangled two-photon wavepacket (curve 2). For the former, n α = n β = 1/2 is set. Fig. 9 For the polarization entangled two-photon wavepacket with Ω α = Ω β , the coincidence probabilities versus the normalized position of beamsplitter, ∆z(σ/c), for θ = 0, π/4, π/2, 3π/4, and π. and the total coincidence probability P c , respectively. 
